A discrete Hardy-type inequality (
Introduction
Let us consider the following special case of an interesting result in [4] (see also [5] ) by Gol'dman. (1.2) 2 Hardy's inequality
Moreover, for the best constant C in (1.1), C ≈ B G (but without explicitly specifying the equivalence constants).
In this paper we will prove a result (see Corollary 3.3) showing that the Gol'dman condition (1.2) in fact can be replaced by some scales of conditions and also the estimate C ≈ B G can be given in a much more precise form.
Partly guided by the development in the continuous case (see [6] and the literature therein) we will study the general inequality with a general kernel d = {d n,k } ∞ n,k=1 , d n,k ≥ 0, involved. We note that the first contribution in this direction was due to Andersen and Heinig [1, Theorem 4.1] , who proved a sufficient condition for (1.3) to hold for the case 1 ≤ p ≤ q < ∞ with special nonnegative kernels {d n,k } ∞ n,k=1 that was assumed to be nonincreasing in k and nondecreasing in n.
In this paper, using the result in [8] (see Proposition 2.2), we will prove some scales of characterizations for the special case with product weight kernel d n,k = l n h k , n,k = 1,2,... (see Theorem 3.1). Moreover, we will prove a sufficient condition also for the general case with an arbitrary nonnegative kernel (see Theorem 3.7), which at least for a special case is also necessary (see Remark 3.8) .
Finally, partly guided by recent results by Sinnamon [12] (see also [11] ), we will prove the surprising fact that we get the same characterizations in our Proposition 2.2 when restricting the set of positive sequences {a n } ∞ n=1 to the cone of nonincreasing sequences if, in addition, the weight sequence {v n } is nonincreasing (see Theorem 3.9).
The paper is organised as follows: in order not to disturb our discussions later on we present some preliminaries in Section 2. The main results together with some related remarks are presented in Section 3 and the proofs are given in Section 4. Finally, some concluding remarks and open questions can be found in Section 5.
Preliminaries
In this paper {a n } ∞ n=1 denotes an arbitrary (weight) sequence of nonnegative numbers.
, and {h k } ∞ k=1 denote fixed weight sequences and d = {d n,k } ∞ n,k=1 is a nonnegative discrete kernel, that is, a sequence of nonnegative numbers. We will need the following technical lemma.
Proof. The proof follows by using the mean value theorem in an appropriate way; for details see [8] .
Recently Sinnamon [12] proved a remarkable result, which, in particular, means that some Hardy-type inequalities for nonincreasing sequences in fact are equivalent to the corresponding Hardy-type inequalities for general nonnegative sequences. Hence, they can be characterized by the same condition(s); see the books [6, 9] but also the more recent results, for example, in [10, 13, 14] . Here we also mention the following special case of a recent result in [8] (see also [7] ), which we will need later on.
holds if and only if
for some s, 0 < s ≤ 1/q, or
for some s, 0 < s ≤ 1/q .
Hardy's inequality
Moreover, for the best constant C in (2.3) , the following estimates hold:
if p < q and
Remark 2.3. (a)
The conditions A 3 (s) < ∞ and A 4 (s) < ∞ are just the natural duals of the conditions A 1 (s) < ∞ and A 2 (s) < ∞, respectively (cf. [6] ).
(b) It is pointed out in [8] that as endpoint cases of some of the conditions above we just obtain some well-known conditions by Bennett (see [2, 3] ).
Main results
First we state the following generalization and unification of Theorem 1.1 and Proposition 2.2.
holds if and only if
for some s, 0 < s ≤ 1/q . Moreover, for the best constant C in (3.1) , the following estimates hold:
Hardy's inequality
if p < q and for some s, 0 < s ≤ (r/σ). Moreover, for the best constant C in (1.1), the following estimates hold:
Remark 3.4. If s = r/σ in (3.12), then we have Next we state the following result for the case with a general kernel. with C o = C 1/r which is equivalent to the inequality (1.1). This means that for the case 0 < r < p ≤ q < ∞, we can characterize the inequality (1.1) by using Theorem 3.1. Thus, in condition (3.2) we first let l n = u (qr−1)/q n , h n = ϕ r n , v n = v pr n , after that replace p by p/r and q by q/r, and finally raise the condition to the power 1/r. Taking V n as it is defined in (4.8) and applying Hölder's inequality, Lemma 2.1(a) (with λ = (p − sp − 1)/(p − 1)), Minkowski's inequality, and changing the order of the summation to the left-hand side of (4.10), we have that
Hence, by taking infimum over s ∈ (0,1/ p ), (4.10), and thus, (3.18) hold with a constant C satisfying the right-hand inequality in (2.8).
Necessity. Assume that (3.18) holds and for fixed N ∈ Z + apply the following test sequence: For the left-hand side of (3.18) we have that
For the right-hand side of (3.18), by applying Lemma 2.1(b) we find that
(4.14)
Combining (4.14), (4.13), and (3.18) we have that Hence, by taking supremum over N ≥ 1 and supremum over s ∈ (0,1/ p ), we conclude that (2.4) and the left-hand side of the estimate (2.8) hold. Summing up, we have proved that (3.18) is equivalent to (2.4) and that (2.8) holds. The proof is complete.
Concluding remarks
By comparing the statements in Theorem 3.7 and Remark 3.8 and the corresponding knowledge from the continuous case (see [6] ), it is natural to raise the following question. (cf. also Remark 3.10). This fact follows from a recent result of Sinnamon [12] . Remark 5.3. The result of Sinnamon [12] was recently generalized by Persson et al. [11] to a more general case involving kernels and general measures. However, these kernels still have some restrictions (monotonicity in the second variable). These results make it natural to also raise the following question.
Open

